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A mechanical equivalent system is introduced to mimic the behavior of multilayer structures with
diffusive spin transport. The analogy allows one to use existing mechanical intuition to predict
the influence of various parameters on spin torques and spin-dependent magnetoresistance. In
particular, it provides an understanding of the sign-changing behavior of spin torque in asymmetric
F/N/F spin valves. It further helps to uncover the physical reason behind the singular behavior of
spin magnetoresistance in devices with ultra-thin N-layers.
I. INTRODUCTION
Electric current flowing through a magnetic struc-
ture with spatially non-uniform magnetization M(r) is
known to produce torques that grow linearly with cur-
rent magnitude. These torques were originally under-
stood in terms of spin transport and called spin-transfer
torques.1,2 They can be equivalently understood as being
produced by the exchange interaction J(s ·M) between
the spins of itinerary electrons s and the magnetization.
Exchange interaction produces a torque T = J [M ×
〈s〉] acting on the magnetization, where 〈s〉 is the spin
density of itinerant electrons. Imagine a ferromagnet
with non-uniform magnetization. In equilibrium 〈s(r)〉
is parallel to M(r) everywhere in the sample, so T = 0.
In the presence of electric current the situation changes.
Electrons arriving to a point r with the current flow
bring their spins from afar, where they were directed
at some angle to M(r). A non-equilibrium state with
non-collinear vectors 〈s〉 and M is thus formed, and T
acquires a non-zero value. It’s magnitude grows with in-
creasing departure from equilibrium, i.e., with the mag-
nitude of the driving electric current.
The same physics can be equvalently described in
terms of the transport of angular momentum ~/2, as-
sociated with each itinerary electron.1–4 In this approach
the torque is associated with spin currents js. Consider
a physically infinitesimal element of a ferromagnet. The
spin denisty 〈s〉 of itinerary electrons inside this element
can change for two reasons: (a) exchange interaction pro-
duces a torque Ts acting on 〈s〉; (b) incoming and out-
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FIG. 1. Spin-transfer device.
going spin currents do not compensate each other, so 〈s〉
changes due to electron motion. In a stationary state
〈s〉 = const, so, the term produced by exchange must
be exactly compensated by the term arising from the
spin currents imbalance. In continuous medium descrip-
tion the latter is given by the divergence of spin current,
and Ts is found to be proportional to it. Finally, since
the torque T acting on M and the torque Ts acting 〈s〉
are the results of one and the same interaction, one has
T = −Ts (action equals counter-action). To sum up, in
a stationary state the torque T(r) is determined by the
divergence of spin current at the observation point r.
In this work we will discuss multilayers formed by fer-
romagnetic (F) and normal (N) metals. In those struc-
tures M changes discontinuously at the boundaries be-
tween materials. Experimentally spin-transfer torque is
often observed in devices consisting of a normal metal
wires with diameters of the order of 100 nm, having two
ferromagnetic inclusions (Fig. 1). If the magnetization
directions of the F-layers are given by the unit vectors
m1 and m2, one finds
2,5,6 that the torques acting on M1
and M2 are given by the expressions
T1 = −
I~
2e
g1(θ)[m1 × [m2 ×m1]] ,
T2 =
I~
2e
g2(θ)[m2 × [m1 ×m2]] . (1)
Here I is the electric current in the wire, e < 0 is the
electron charge (so that I/e = j0 is the particle current),
θ is the angle between m1 and m2, and g1,2(θ) are the
“efficiency factors”. The opposite signs in the torque for-
mulas reflect the symmetry of the problem: namely, the
F-layer located downstream for a positive current will be
in an upstream position for a negative current. Note that
although the two torques are produced by an electron-
mediated interaction between the F-layers, their sum is
non-zero, T1+T2 6= 0. This does not violate the angular
momentum conservation because the ferromagnetic lay-
ers do not form a closed system and can transfer angular
momentum to the other parts of the structure where it
is damped into the crystal lattice.
Efficiency factors are determined by the character of
electron transport, material parameters, and the geome-
try of the device. Their dependence on the angle θ was
considered in many studies. Early investigators took it
as evident that efficiency factors are positive. This view
2was supported by the following arguments. Electrons en-
tering the normal spacer from the F1 layer remain spin-
polarized along m1. When they reach the F2 layer, their
spins have to rotate to match (on average) the direction
of m2. The requirement of spin rotation makes it harder
for the electrons to cross the boundary with the second
ferromagnet, leading to an increase in the device resis-
tance. The larger is the angle, the bigger will be the re-
sistance increase. The flip side of this observation is that
the same physical processes that enable the influence of
the angle θ on the resistance of the structure will cause
that structure to adjust its magnetic state so as to ease
the passage of electrons pumped by the current source.7
Thus the emerging torque should push m2 towards m1
to decrease θ. The direction of T2 is consistent with this
conclusion if g2(θ) > 0 holds for all values of the angle.
However, subsequent calculations8–10 had shown that
already within the model of diffusive transport the effi-
ciency factor can be a sign-changing function of the angle
in sufficiently asymmetric structures with F1 and F2 lay-
ers made of different materials. This result was used in
numerous proposals of magnetic oscillators powered by
dc current.9,11,12 Calculations of the efficiency factor are
straightforward but cumbersome, so there is a need for a
simple and intuitive understanding of the sign-changing
behavior of g(θ). Here we show that such understand-
ing can be achieved through a mechanical analogy, and
set up a graphic interpretation method that allows one
to obtain qualitative results without performing detailed
calculations.
II. DIFFUSIVE TRANSPORT
A. Bulk equations
If the mean free path of electrons is much shorter than
the layer thickness in Fig. 1, transport can be described
by diffusive equations. Assuming that the current is uni-
form in the wire’s cross-section, all physical quantities
depend on a single coordinate x along the wire. Fer-
romagnetic inclusions are characterized by two diffusion
coefficients D↑ and D↓ describing electrons with spins
parallel (up) and anti-parallel (down) to the magnetiza-
tion direction m. Normal parts of the wire are described
by a single diffusion coefficient DN . In an infinite ferro-
magnetic wire electric current is accompanied by a spin
current js = pj0m, where p = (D↑ −D↓)/(D↑ +D↓) is
the transport spin polarization and j0 is the particle cur-
rent. Since we consider an effectively 1D situation, j0 is
a scalar and js is a vector in spin space.
Electric current produces non-equilibrium spin accu-
mulations δs near the layers’ boundaries.13,14 In normal
layers δs = 〈s〉, and in ferromagnetic layers δs = 〈s〉−seq,
where seq is the equilibrium spin density. We will con-
sider strong ferromagnets for which the spin band split-
ting J is of the same order as the Fermi energy ǫF . Large
J guarantees that seq and δs are always collinear with
m.6,15 If a spin current of arbitrary polarization in spin
space impinges on the N/F boundary from the N-layer
side, then inside F its polarization differs from m only
in a boundary layer of thickness λJ ∼ ~vF /J , which for
J ∼ εF is of the order of electron wavelength and much
smaller than the mean free path. In the diffusive ap-
proximation, where the mean free path is considered to
be infinitesimally small, such behavior is encoded in the
boundary conditions at the N/F interfaces.
We would like to underscore that strong ferromagnets
with J ∼ ǫF do not necessarily exhibit a perfect trans-
port spin polarization p = 1. The latter is determined
not only by the value of J but also by the Fermi veloci-
ties and scattering times of itinerant electrons. Because
of that p may be arbitrarily small in strong ferromag-
nets. Conversely, if the δs, js||m requirements have been
imposed on the system, considering the p → 0 limit is
not automatically equivalent to making a particular layer
normal.
It is well known8,16 that in the diffusive approximation
spin accumulation can be characterized by a splitting of
chemical potentials of up- and down-spin electrons, µs =
µ↑ − µ↓, with “up” and “down” defined relative to the
local δs(r). Both the magnitude and the direction of
spin accumulation are encoded in a vector spin potential
µs = µsm, where the unit vector m(r) is pointing along
δs(r). In the device shown in Fig. 1 vectorm(r) can vary
spatially in the N-layers but will point along m1 and m2
in the ferromagnetic inclusions.
Particle and spin currents are determined by the gra-
dients of µs and electro-chemical potential µ0.
17 In fer-
romagnetic layers
j0 = −(D↑ +D↓)
[
∇xµ0 + p
∇xµs
2
]
,
js = −(D↑ +D↓)
[
p∇xµ0 +
∇xµs
2
]
m ,
while in the normal metal layers
j0 = −DN∇xµ0 ,
js = −DN
∇xµs
2
. (2)
Taking advantage of the constancy of particle current
j0 = const in the 1D situation, one can re-write spin
current in ferromagnets as
js =
(
pj0 −DF
∇xµs
2
)
m , (3)
with DF = 4D↑D↓/(D↑ +D↓).
The distributions of spin currents and spin accumu-
lations are governed by the diffusion equation with spin
relaxation terms17
dµs
dt
+
1
ρ
divjs = −
µs
τ
,
where τ is the spin relaxation time in the material,
ρ = ds/dµs is a coefficient obtained from the densities of
3states for two spin directions, and js is given by Eqs. (2)
or (3). We will consider stationary states, where
1
ρ
djs
dx
= −
µs
τ
. (4)
As one can see, in a stationary situation equations for
spin current decouple from those for particle current.
To find spin currents and spin accumulations every-
where we have to solve Eq. (4) with appropriate bound-
ary conditions at the interfaces between the layers.
B. Boundary conditions
In the case of electric current flowing through a device
with material boundaries, the approximation of choice
depends on the relative magnitudes of the interface and
bulk resistances. If the interface resistances are small,
one can assume that electric potential is continuous at
the boundaries. This is the transparent boundary ap-
proximation, in which there are no jumps of either po-
tential or current.
The case of spin transport is different. Here one ex-
pects to find jumps of spin current across the N/F inter-
faces. Indeed, in F-layers spin current is always polarized
along the magnetization but in N-layers there is no such
restriction, so it is easy to imagine spin currents hav-
ing different polarizations on the N and F sides of the
interface. After all, in contrast to the case of particle
current, a discontinuity of spin current is not forbidden
by the conservation laws. Do the jumps of spin current
necessarily produce the jumps of spin potential? Micro-
scopic models15 prove the existence of spin transparent
interfaces, such that both µ0 and µs potentials are con-
tinuous across them. Spin currents have some continuity
properties as well. Namely, when the boundary can be
modeled by a static, spin-dependent potential, the paral-
lel component of spin current, (js · m), is found to be
continuous. Such boundaries are called “spin inactive”.
The “inactivity” refers to the parallel component only.
The perpendicular component of spin current is generally
discontinuous at the N/F boundaries with strong ferro-
magnets.
It was shown in Refs. 8–10 that the boundary condi-
tions read
µs|N = µs|F , (5)
(js ·m)|N = (js ·m)|F , (6)
and provide enough constraints to find spin current
everywhere in the wire. They do not impose any restric-
tions on the perpendicular components of spin current.
Those can be found from the bulk equations.
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FIG. 2. Spatial distributions of js(x) and µs(x) in an F/N
contact. The arrows on the µs(x) graph depict the forces
considered in the mechanical analogy.
III. MECHANICAL ANALOGY AND GRAPHIC
APPROACH
A. F/N contact
For the purpose of introducing the notions of the sug-
gested mechanical analogy we start with a well known
case of a single F/N contact (Fig. 2) with spin-inactive
interface and half-infinite F and N layers.13 Let the inter-
face be located at x = 0. At the F/N boundary the spin
potential is continuous and has a magnitude µs(0). In
general, to set up the problem in a given layer one needs
to specify j0 and two spin potentials at the left and right
ends of that layer. For the F layer these are µs(−∞) and
µs(0), and for the N layer—the µs(0) and µs(+∞). Un-
like the particle current, spin current js(x) is not constant
and should be obtained by solving Eq. (4). The spin po-
tential µs(x) is non-zero near the interfaces and should
vanish far away from them, meaning µs(±∞) = 0. In the
F/N contact js and µs are parallel to the F-layer mag-
netization everywhere in the structure, µs(x) = µs(x)m,
js = js(x)m. Solutions of Eq. (4) read
µs(x) = µs(0) exp(x/lF ) (x < 0) ,
µs(x) = µs(0) exp(−x/lN) (x > 0) ,
where l =
√
Dτ/2ρ denotes the spin diffusion length in
the corresponding layer.
The value of µs(0) is then obtained from the boundary
condition (6). In the present situation it is given by an
equation
pj0 −GF µs(0)−GN µs(0) = 0 . (7)
with the definition G = D/2l in each layer.
4Spatial distributions of spin current and spin poten-
tial are shown in Fig. 2. Their shape can be understood
through the following mechanical analogy. Imagine the
parts of the µs(x) graph for x > 0 and x < 0 to be elastic
cords, attached to the horizontal axis at x = ±∞, and
to a small weightless ring at x = 0. The ring can slide
without friction along a vertical rod. An upward force
pj0 is applied to the ring. The elasticity of the cords pro-
duces two downward forces GFµs(0) and GNµs(0) that
are proportional to the deviation of the ring from the ori-
gin. Then Eq. (7) can be viewed as a condition of balance
of forces acting on the ring. A constant driving force pulls
the ring up and away from the origin, and the two restor-
ing forces pull it back. The whole setup is equivalent to
a mechanical system with two springs connected in par-
allel and being expanded by an applied force. Using this
mechanical picture one can easily and intuitively predict
the dependence of µs(0) on the system parameters. For
example, since the spring coefficients are proportional to
1/l, and since faster spin relaxation in either of the ma-
terials decreases l, the springs of the mechanical analogy
become stronger with increasing spin relaxation, and the
spin accumulation gets smaller. When µs(0) is found,
spin current js(x) can be obtained everywhere from the
formulas (2) and (3).
Note that for an N/F contact, with particles moving
from N to F, Eq. (6) gives
− pj0 −GF µs(0)−GN µs(0) = 0 . (8)
From the point of view of mechanical analogy the exter-
nal force now pulls the ring downward.
Using the rules of the mechanical analogy for the
F/N and N/F contacts, we can easily expand our un-
derstanding to the collinear F/N/F and N/F/N struc-
tures (Fig. 3). Here each boundary is characterized by
its own driving force, and the two forces pull the con-
necting weightless rings in the opposite directions.
B. Non-collinear structure
First, consider a non-collinear structure from the tra-
ditional point of view based on diffusive transport equa-
tions. The simplest structure with a sign-changing effi-
ciency factor g(θ) is the N/F1/N/F2/N structure with
vanishing spin diffusion lengths in the outer normal
layers.8 It is evident from the discussion above that in
the limit l → 0 in the outer N-layers the spin poten-
tial vanishes at the N/F1 and F2/N interfaces. Spin
potentials µ1 at the F1/N interface (x = x1) and µ2
at the N/F2 interface (x = x2) should be derived from
the condition (6) applied at those interfaces. Solu-
tions of the bulk equation (4) in each layer have a form
µs(x) = A exp(−x/l)+B exp(x/l) with constant vectors
A and B determined by µs(L) and µs(R) at the left and
right boundaries of that layer. This means that within
one layer µs(x) varies in a plane of spin space defined
by µs(L) and µs(R). Matched solutions for the whole
p j0
x
x
µs
j s
F N j0
F
p j0
x
x
µs
j s
N
j0
F N
FIG. 3. Spatial distributions of js(x) and µs(x) in collinear
F/N/F and N/F/N structures. The lower panel shows how
the directions of forces employed in the mechanical analogy
depend on the order of N and F layers along the particle flow
direction
structure were found this way in Refs. 8 and 10 (see Ap-
pendix A). Below we will concentrate on understanding
them through the mechanical analogy and its appropri-
ate graphical representation. Generally, a vector function
µs(x) can be represented by a hodograph in the 3D spin
space. But since we know that in a given layer µs(x)
belongs to a plane, one layer can be represented by a 2D
hodograph. Furthermore, in a structure with just two
ferromagnets vector µs(x) always belongs to the plane
defined by vectors m1 and m2. The end of vector µs(x)
moves along the m1 and m2 lines in the ferromagnets,
and along a curve connecting µ1 and µ2 in the normal
metal (see Fig. 4, upper panel). Boundary condition (6)
applied at the points x1 and x2 lead to the relations
(js(F1)− js(N1)) ·m1 = 0 ,
(js(N2)− js(F2)) ·m2 = 0 , (9)
where arguments (F1) and (N1) denote the points x1∓0,
while arguments (N2) and (F2) refer to the x2∓0 points.
The mechanical analogy for a non-collinear structure
is set up as follows. The hodograph lines in Fig. 4 are
replaced by elastic cords. The cord representing the N
layer is connected to a pair of small weightless rings at
the µ1 and µ2 points. Those rings slide without fric-
tion along the two crossed rods, directed along m1 and
m2. It is assumed that each ring can pass through the
crossing point of the rods: one can imagine that the rods
are slightly parallel-shifted away from each other. The
cords representing the F1,2 layers are connected to the
respective rings at one end, and to the crossing point
of the rods at the other. Altogether, the F-layer cords
are going straight from the µ1,2 points towards the rods
crossing, and the N-layer cord is hanging with a slack be-
tween µ1 and µ2. The elastic forces applied by the cords
5to the rings are mapped on the spin currents at the in-
terfaces. The cord tension is given by the absolute value
of spin current. According to Eq. (2) vectors js on the N
sides of the interfaces are directed along the tangents to
the N-hodograph, just as the cord tension force. Fig. 4
shows the expanded N-cord applying forces −js(N1) to
the µ1 ring, and js(N2) to the µ2 ring. In mechanical
terms conditions (9) establish the balance of forces on
the rings. Since the rings are restricted to move along
the rods, only the parallel components of the forces are
balanced.
Spin current expressions in ferromagnets have two
terms, e.g., js(F1) = p1j0− G˜1µ1 (function G˜1 is defined
in Appendix A). Similar to the collinear case, the first
term, proportional to the particle current, is mapped on
a force pulling the ring away from its equilibrium posi-
tion at the rods crossing point (see inset in Fig. 4, upper
panel). The second term produces an elastic restoring
force, pulling the ring back to equilibrium. As expected,
the driving forces in the mechanical analogy correspond
to the driving terms in the diffusive equations, and are
proportional to the magnitude of the current pumped
through the device.
Mechanical analogy also applies to Eq. (4) that deter-
mines the hodograph shape in the N-layer. When re-
written as −djs/dx− (ρ/τ)µs = 0, this equation can be
interpreted as a differential form of the balance of forces
for an infinitesimal element of the cord. The latter is
acted upon by two tension forces applied to its ends, and
a distributed force, proportional to the elements length,
pointing to the crossing point of the rods. It is this “at-
traction to the origin” force that is responsible for the
slack of the N-layer cord shown in Fig. 4. This force is
inversely proportional to τ , so, in the absence of spin re-
laxation in the normal metal, i.e., τ → ∞, the cord will
go straight between the µ1 and µ2 points.
Note that the stationary transport equations (4) and
the boundary conditions (5, 6) can be obtained by search-
ing for a minimum of a functional
S =
∑
α
∫ [
1
Dα
(
pαj0 −Dα
∇xµs
2
)2
+
ραµ
2
s
τα
]
dx
in the class of continuous functions µs(x) with a restric-
tion µs(x)||m in ferromagnetic regions. In the definition
of S the sum goes over all layers indexed with α, and the
integrations are performed within each layer. Material
parameters pα, Dα, τα and ρα a constant within each
layer. From the point of view of diffusive transport this
result can be viewed as an example of minimal entropy
production principle. From the point of view of mechani-
cal analogy the first term in the integrand represents the
elastic energy of the strained cord, and the second one
captures the energy related to the attraction force.
Overall, the suggested analogy allows one to make
qualitative predictions about the solutions of diffusive
transport equations by engaging our intuition about the
behavior of mechanical systems under the action of ex-
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m  2m  1
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FIG. 4. Hodographs µ
s
(x) and js(x).
ternal forces. We show that below for the case of spin-
transfer torque.
C. Spin-transfer torques and sign-changing
efficiency factor
Spin-transfer torque T is determined by the jump ∆js
of spin current at the N/F interface as T = (~/2)∆js.
2
According to the boundary conditions (6) the jumps
of js and T are perpendicular to the magnetization of
the F-layer, in agreement with formulas (1). In our
N/F1/N/F2/N structure the jumps happen at the F1/N
and N/F2 boundaries and are given by the expressions
∆js1 = js(F1)− js(N1) = js(F1)m1 − js(N1) ,
∆js2 = js(N2)− js(F2) = js(N2)− js(F2)m2 . (10)
The hodograph of vector js(x) is shown in Fig. 4 (lower
panel). Because of the jumps of spin current, it com-
prises three disconnected segments. The N-layer seg-
ment goes between the js(N1) and js(N2) points. The
F-layer segments go from the origin to the js(F1) and
js(F2) points. Solutions of the diffusive equations show
that the stronger is spin relaxation in N, the more pro-
nounced is the slack of the js hodograph, and the smaller
are the spin current jumps at the interfaces. In the op-
posite limit of vanishing spin relaxation the hodograph
of µs(x) becomes a straight line, and the hodograph of
js(x) shrinks to a single point (spin current is conserved).
6µ  s1
µ  s2
m  2m  1
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j - space s
µ - space  s
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FIG. 5. Hodographs of µ
s
(x) and js(x) in a situation with
g2 < 0.
Directions of the T1 and T2 torques are determined
by the spin current jumps, which in turn depend on the
positions of the points js(N1) and js(N2) relative to the
lines defined by the m1,2 vectors in Fig.4 (lower panel).
The situation shown in Fig.4 corresponds to the posi-
tive values of g1 and g2. However, the efficiency factors
signs can change if the material parameters of the ferro-
magnets are sufficiently different, i.e., in an asymmetric
structure. From the point of view of mechanical analogy
the asymmetric structure is characterized by non-equal
driving (p1j0m1 and −p2j0m2) and restoring (−G˜1µ1
and −G˜2µ2) forces. An example is shown in Fig. 5 (up-
per panel). Here the force −p2j0m2 pulls the N-cord
with such strength that the µ1 ring has been dragged to
the negative side of the m1 axis. Concurrent with this,
the orientation of the hodograph’s tangent at µ2 has also
changed: now the tangent line goes below the m2 axis.
As the lower panel of Fig. 5 shows, this has led to a switch
of the direction of spin current jump ∆js2. The sign of
the torque T2 has switched together with it: instead of
pulling m2 towards m1 it now pushes it away from m1.
In other words, the system is characterized by g2 < 0.
Transition from positive to negative g2 happens when
the ring µ1 passes the crossing point of the rods. Note
that the mutual orientation of the js(N1) vector and m1
axis does not change during the transition, so g1 remains
positive.
In the example in Fig. 5 the µ1 ring was dragged
through the rods crossing poing because the −p2j0m2
force was increased. The same effect can happen due to
a diminishing restoring force if the value of G˜2 is suffi-
ciently decreased. With a weaker F2-cord the µ2 ring
will slide further away from the origin along m2, and
similarly drag the µ1 ring through the origin.
D. Singular limits of the spin-valve
magnetoresistance
We now turn to another example of mechanical analo-
gy lending a helping hand in understanding a seemingly
paradoxical behavior of a layered spintronic device.
As discussed in the Introduction, the resistance of an
F/N/F structure depends on the relative orientation of
vectorsm1 and m2. In spin valves that are engineered so
that the angle θ between the magnetizations is controlled
by external magnetic field one observes spin-related mag-
netoresistance (MR). Just as the spin torque, spin MR
is produced by spin accumulation near the F/N bound-
aries. Such accumulation contributes to the total resis-
tance even for a single F/N interface.13 In an F/N/F
valve spin accumulations at the two interfaces are not in-
dependent as long as the thickness of the N-layer is not
0.5 1 1.5 2 2.5 3
0.5
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2
0.5 1 1.5 2 2.5 3
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r
FIG. 6. Asymmetric F/N/F valve spin resistance δr(dN) rel-
ative to the resistance δr∞ at dN → ∞. Curves are marked
by the values of the angle θ between the magnetizations of
the ferromagnets. For clarity, angles between 0 and 90◦ and
between 90◦ and 180◦ are shown in separate panels. Other
parameters are set to di/li ≫ 1 in ferromagnets, G1 = G2,
GN = 4G1, p1 = 0.1, p2 = 0.9
7much larger than the spin diffusion length. Because of
that, the total extra resistance is magnetic configuration
dependent.
A convenient way of thinking about spin MR is pro-
vided by a realization17–20 that in ferromagnetic regions
the gradient of spin potential acts as a distributed elec-
tromotive force (EMF) E(x) = −p∇µs/2e (no EMF is
generated in the normal parts of the structure). In a
spin valve this EMF is directed against the flow of electric
current, and thus increases the voltage needed to pump
a given amount of current through the device. The full
voltage increase is obtained by integrating the EMF
δV = −
∫ +∞
−∞
Edx =
p1µs(x1)− p2µs(x2)
2e
.
Spin accumulations µs(x1,2) at the interfaces are found in
Appendix A. They are proportional to j0, so the effect of
EMF can be indeed described by an extra resistance δr.
The dependencies of this resistance on the thickness of
the normal layer dN and the angle θ are shown in Fig. 6
for a particular asymmetric valve (MR of such valves was
originally discussed in Ref. 9).
A striking feature of the δr(dN ) curves is that for all
angles, except θ = 0 and θ = 180◦, the resistance vanishes
at dN → 0. For the two special angles δr approaches a
finite value. Mathematically speaking, θ = 0 and θ =
180◦ are singular limiting points, where the value of δr
depends on the order of limits dN → 0 and θ → 0, 180
◦
The vanishing of δr looks puzzling from the physics
point of view since at dN ≪ lN the N-layer can be con-
sidered practically free of spin relaxation. Spins are in-
jected into a normal reservoir with no relaxation, and as
the size of this reservoir get progressively smaller the spin
accumulation vanishes. Why is it difficult to fill a small
reservoir with spins? And why it becomes possible when
the two magnetizations are exactly collinear?
Let us first turn to the mechanical analogy. Fig. 7
shows the elastic cords configurations for a generic angle
θ, and for the special cases of θ = 0 and θ = 180◦. In
the dN ≪ lN limit the N-layer cord goes straight from
one ring to another, as discussed in Sec. III B. The most
important property of the dN → 0 limit is that the stiff-
ness of the N-layer cord grows as G˜N (dN ) ∼ 1/dN →∞
(Appendix A). The divergence of G˜N could have been ex-
pected even without calculations, since any changes hap-
pening over a progressively smaller distance inevitably
produce infinite gradients. With an infinite stiffness of
the N-layer cord, the distance between the two rings has
to reduce to zero. It is evident from Fig. 7(A) that
for a generic θ the only way to achieve this is to have
both rings at the origin, i.e., have vanishing spin accu-
mulations. The cases of θ = 0 and θ = 180◦ shown in
Fig. 7(B,C) are exceptional: in collinear situations the
rings can be together, yet not at the origin. Thus the
N-layer cord can have zero length, and at the same time
the driving forces can displace the rings away from the
origin until a balance with the restoring forces of the F-
layer cords is achieved. Note that for θ = 0 the driving
µ  1
µ  2
m  2m  1
p  j1 0
p  j2 0
m  2m  1
p  j1 0
p  j2 0
d     0
N
θ
m  1 m  2 m  1 m  2
p  j2 0
p  j1 0
p  j1 0
p  j2 0
m  1
m  2
p  j2 0
p  j1 0
m  1
m  2
p  j1 0
p  j2 0
d     0
N
d     0
N
(A)
(B)
(C)
FIG. 7. Mechanical analogy for an F/N/F valve for (A)
generic angle between magnetizations, (B) parallel configura-
tion, (C) anti-parallel configuration. In all cases the situation
is shown for finite dN ≪ lN on the left and for dN → 0 on
the right. Red lines show the N-layer hodographs, green lines
show the F-layer hodographs.
forces act in the opposite directions, so in the absence of
asymmetry the dN → 0 positions of the rings will be at
the origin. Overall, the mechanical analogy makes the
behavior of the graphs in Fig. 6 quite obvious.
Armed with the insight from the mechanical analogy,
we can understand this result in terms of spin physics.
The decreasing thickness of the N-layer makes spin re-
laxation essentially negligible. Any difference between
µs(N1) and µs(N2) produces a physically impossible in-
finite spin current. Therefore, the spin accumulation is
required to remain constant throughout the N-layer. For
θ = 0 or θ = 180◦ such requirement is fully compatible
with the requirement of vector µs being collinear with
m1,2 at the boundaries with strong ferromagnets. But
when m1 and m2 have a finite angle between them, the
two requirements start to compete. Since in our model
the ferromagnets are assumed to be so strong that the
second requirement cannot be violated, the only com-
promise is to have zero µs (which is formally collinear
with both m1 and m2).
8IV. DISCUSSION
The mechanical analogy allows one to qualitatively
predict the behavior of layered diffusive devices. For ex-
ample, it makes it evident that g2 cannot become nega-
tive when the angle θ between the vectors m1 and m2
exceeds 90◦. Indeed, for such angles no driving force—
regardless of how strong—acting on the µ2 ring in the
−m2 direction can drag the µ1 ring to the negative
side of the axis simply because the component of such
force along m1 is positive (assuming, for definiteness,
j0 > 0). The sign change of g2 is therefore possible only
for θ < π/2. This conclusion formally follows from the
expressions obtained in Refs. 8 and 10 (see Appendix
B), but with mechanical analogy we can make it without
calculations. In the same spirit the mechanical analogy
makes it evident that a sufficiently large polarization ra-
tio p1/p2 will drag the µ2 ring through the origin and
cause the efficiency factor g1 to change its sign, while g2
will remain positive.
Furthermore, one can clearly see why both efficiency
factors g1 and g2 cannot change signs simultaneously
(Appendix B). The sign of g changes when the corre-
sponding ring moves through the origin due to the in-
creasing asymmetry of the structure. Since both external
forces pull the rings away from the rod crossing, at least
one of the rings has to move in the direction of external
force. The second ring may get to the origin if one force
overpowers the other but there is no option for both rings
to move towards the origin.21
Our last example in Sec. III D shows that the mechani-
cal analogy may provide critical insights into spintronic
problems even before the actual spin physics is under-
stood on a qualitative level.
Is it possible to use the mechanical analogy for struc-
tures with more than two ferromagnetic layers? In such
systems the hodograph µs(x) in each Ni-layer is a 2D
curve in the spin space that belongs to a plane defined
by the magnetizations mi−1 and mi+1 of the Fi−1 and
Fi−1-layers sandwiching the Ni-layer. In the F-layers the
hodographs are straight lines along the direction of m.
Magnetizations of the F-layers may be non-coplanar, so
every N-layer will have its own 2D plane of the hodo-
graph. However, this complication does not prevent one
from showing all hodographs together on the diagrams
similar to those in Figs. 4 and 5. Indeed, in the nearby
Nk−1 and Nk+1-layers, separated by the Fk-layer, the 2D
planes have a common line, the mk axis. For that reason
the planes forming the full 3D hodograph can be sequen-
tially folded into a stack of sheets, one on top of the
other. After such folding, the hodograph will become a
collection of N-curves going between the m1, m2 . . .mn
axes.
The mechanical analogy is easily extended to the multi-
layer wires. Every boundary is represented by a rod with
a weightless ring sliding along it. The balance of driving
and restoring forces determines the position of each ring.
With the increasing number of rings and rods it becomes
progressively more difficult to determine the equilibrium
state of the system based on the mechanical intuition
alone. Nevertheless, our graphic interpretation can still
serve as a useful tool for presenting the analytic or nu-
meric results. Moreover, in the case of small changes of
parameters the mechanical analogy will often provide an
easy way to predict the system’s response.
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Appendix A: Spin accumulation and spin current
distributions
In this Appendix we provide the results of spin ac-
cumulation calculations for a N/F1/N/F2/N structure
with the ferromagnetic layers having thicknesses d1,2 and
the normal layer having a thickness dN . The spin diffu-
sion lengths in the ferromagnets are denoted as l1 and
l2. Spin diffusion length in the central normal layer is
lN . We assume vanishing spin diffusion lengths in the
two outer N-layers, thus spin accumulations at the outer
N/F boundaries vanish as well. Spin accumulations at
the F1/N (x = x1) the N/F2 (x = x2) boundaries are
denoted as µ1 and µ2. The function µ(x) is given buy
the following expressions. In F1 (x1 − d1 < x < x1)
µ(x) =
µ1 sinh[(x− (x1 − d1))/l1]
sinh d1/l1
.
In N (x1 < x < x2)
µ(x) =
µ1 sinh[(x2 − x)/lN ] + µ2 sinh[(x− x1)/lN ]
sinh dN/lN
.
And in F2 (x2 < x < x2 + d2)
µ(x) =
µ2 sinh[((x2 + d2)− x)/l2]
sinh d2/l2
Denoting G˜(d) = G coth(d/l) we get the following expres-
sions for spin currents at the F1/N and N/F2 interfaces
js(F1) = p1j0 − G˜1(d1)µ1 ,
js(N1) = G˜N (dN )
(
µ1 −
1
coshdN/lN
µ2
)
,
js(N2) = G˜N (dN )
(
1
coshdN/lN
µ1 − µ2
)
, (A1)
js(F2) = p2j0 + G˜2(d2)µ2 ,
Using (A1) in the boundary conditions (6) we then find
an expression for spin accumulations at the boundaries(
µ1
µ2
)
=
j0
Det
∣∣∣∣ A2 −B cos θB cos θ −A1
∣∣∣∣
(
p1
p2
)
, (A2)
9where
A1 = G˜1(d1) + G˜N (dN ) ,
A2 = G˜2(d2) + G˜N (dN ) ,
B =
G˜N (dN )
cosh(dN/lN)
,
Det = A1A2 −B
2 cos2 θ .
Appendix B: Spin-transfer torques
The jumps of spin currents at the interfaces are given
by formulas (10). Substituting expressions (A1) into
them we get
∆js1 =
G˜N (dN )
cosh(dN/lN)
µ2 [m1 × [m2 ×m1]] ,
∆js2 =
G˜N (dN )
cosh(dN/lN)
µ1 [m2 × [m1 ×m2]] ,
where µ1,2 have to be substituted from (A2).
To analyze the signs of the efficiency factors one first
proves the inequalities 0 < B < A1,2. Then it is easy to
show that the signs of g1,2 switch from positive to nega-
tive only if cos θ > 0, and one of the following conditions
is satisfied
p2
p1
>
A2
B cos θ
>
A2
B
> 1 ⇒ g2(θ) < 0 ,
p2
p1
<
B cos θ
A1
<
B
A1
< 1 ⇒ g1(θ) < 0 . (B1)
Both conditions (B1) cannot be satisfied at the same
time, so at most one efficiency factor can be negative for a
given angle θ and device parameters. For p2/p1 > A2/B
efficiency factor g2(θ) is sign-changing as a function of
θ. For p2/p1 < B/A1 efficiency factor g1(θ) is sign-
changing as a function of θ. In both cases g becomes
a sign-changing function after the spin valve asymmetry
exceeds a certain threshold.
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